We present a new method to achieve high-contrast images using segmented and/or on-axis telescopes. Our approach relies on using two sequential Deformable Mirrors to compensate for the large amplitude excursions in the telescope aperture due to secondary support structures and/or segment gaps. In this configuration the parameter landscape of Deformable Mirror Surfaces that yield high contrast Point Spread Functions is not linear, and non-linear methods are needed to find the true minimum in the optimization topology. We solve the highly non-linear Monge-Ampere equation that is the fundamental equation describing the physics of phase induced amplitude modulation. We determine the optimum configuration for our two sequential Deformable Mirror system and show that high-throughput and high contrast solutions can be achieved using realistic surface deformations that are accessible using existing technologies. We name this process Active Compensation of Aperture Discontinuities (ACAD). We show that for geometries similar to JWST, ACAD can attain at least 10 −7 in contrast and an order of magnitude higher for future Extremely Large Telescopes, even when the pupil features a "missing segment" . We show that the converging non-linear mappings resulting from our Deformable Mirror shapes actually damp near-field diffraction artifacts in the vicinity of the discontinuities. Thus ACAD actually lowers the chromatic ringing due to diffraction by segment gaps and strut's while not amplifying the diffraction at the aperture edges beyond the Fresnel regime and illustrate the broadband properties of ACAD in the case of the pupil configuration corresponding to the Astrophysics Focused Telescope Assets. Since details about these telescopes are not yet available to the broader astronomical community, our test case is based on a geometry mimicking the actual one, to the best of our knowledge.
INTRODUCTION
The coronagraphs that will equip upcoming Ex-AO instruments on 8 meter class telescopes have been designed for contrasts of at most ∼ 10 −7 . Secondary support structures (or spiders: 4 struts each 1 cm wide, ∼ 0.3% of the total pupil diameter in the case of Gemini South) have a small impact on starlight extinction at such levels of contrasts. In this case, coronagraphs have thus been optimized on circularly symmetric apertures, which only take into account the central obscuration (1) . However, high-contrast instrumentation on future observatories will not benefit from such gentle circumstances. ELTs will have to support a substantially heavier secondary than 8 meter class observatories do, and over larger lengths: as a consequence the relative area covered by the secondary support will increase by a factor of 10 (30 cm wide spiders, occupying ∼ 3% of the pupil diameter in the case of TMT). This will degrade the contrast of coronagraphs only designed for circularly obscured geometries by a factor ∼ 100, when the actual envisioned contrast for an ELT exo-planet imager can be as low as ∼ 10 −8 (2) . While the trade-offs associated with minimization of spider width in the space-based case have yet to be explored, secondary support structures will certainly hamper the contrast depth of coronagraphic instruments of such observatories at levels that are well above the 10 10 contrast requirement. Coronagraphs for off-axis telescopes take advantage of the pupil symmetry to reach a theoretical contrast of ten orders of magnitude (3; 4; 5; 6; 7; 8; 9) . However, using obscured on-axis and/or segmented apertures take full advantage of the limited real estate associated with Further author information: (Send correspondence to Laurent Pueyo) Laurent Pueyo: E-mail: pueyo@stsci.edu a given launch vehicle and can allow larger apertures that increase the scientific return of space-based direct imaging survey. Devising a practical solution for broadband coronagraphy on asymmetric, unfriendly apertures is thus an outstanding problem in high contrast instrumentation. The purpose of the present paper is to introduce a family of practical solutions to this problem and features its performances on a few characteristic examples.
Our method takes advantage of state-of-the art Deformable Mirrors in modern high-contrast instruments to address the problem of pupil amplitude discontinuities for on-axis and/or segmented telescopes. Indeed, coronagraphs are not sufficient to reach the high contrast required to image faint exo-planets: wavefront control is needed to remove the light scattered by small imperfections on the optical surfaces (10) . Over the past eight years, significant progress has been made in this area, both in the development of new algorithms (11; 12) and in the experimental demonstration of high-contrast imaging with a variety of coronagraphs (12; 13; 14; 15) . These experiments rely on a system with a single Deformable Mirror which is controlled based on diagnostics downstream of the coronagraph, either at the science camera or as close as possible to the end detector (16; 17) . Such configurations are well suited to correct phase wavefront errors arising from surface roughness but have limitations in the presence of pure amplitude errors (reflectivity), or phase-induced amplitude errors, which result from the propagation of surface errors in optics that are not conjugate to the telescope pupil (18; 19) . Indeed a single DM can only mimic half of the spatial frequency content of amplitude errors and compensate for them only on one half of the image plane (thus limiting the scientific field of view) over a moderate bandwidth. In theory, architectures with two sequential Deformable Mirrors, can circumvent this problem and create a symmetric broadband high contrast PSF (18; 19) . The first demonstration of symmetric dark hole was reported in (20) and has since been generalized to broadband by (21): a wavefront control system composed of two sequential Deformable Mirrors is currently the baseline architecture of currently envisioned coronagraphic spacebased instruments (22; 23) and ELT planet imagers (2) . The purpose of our study is to demonstrate that two Deformable Mirror (DM for the remainder of this paper) can also mitigate the impact of the pupil asymmetries, such as spiders and segments, on contrast and thus enable high contrast on unfriendly apertures.
PHYSICS OF AMPLITUDE MODULATION

General equations
We assume that one can design azimuthally symmetric coronagraphs which mitigate the impact of the secondary obscuration itself (24; 25; 26) . We demonstrate that well controlled DMs can circumvent the obstacle of spiders and segment gaps. We first set-up our notations and review the physics of phase to amplitude modulation. We consider the system represented on Fig. 1 where two sequential DMs are located between the telescope aperture and the entrance pupil of the coronagraph. In this configuration, the telescope aperture and the pupil apodizer are not in conjugate planes. This will have an impact on the chromaticity of the system and is discussed in §. 5. Without loss of generality we work under the "folded" assumption, where the DMs are not tilted with respect to the optical axis and can be considered as lenses of index of refraction −1 (as discussed in (27) . In the scalar approximation the relationship between the incoming field, E DM 1 (x, y), and the outgoing field, E DM 2 (x 2 , y 2 ), is given by the diffractive Huygens Integral:
where A corresponds to the telescope aperture, Z is the distance between between the two DMs, h 1 and h 2 are the shapes of DM1 and DM2 respectively, λ is the wavelength and S(x, y, x 2 , y 2 ) is the free space propagation between the DMs.
We recognize that two sequential DMs act as a pupil remapping unit similar to PIAA coronagraph (28) whose ray optics equations were first derived by (29) . We briefly state the notation used to describe such an optical system as introduced in (30) . The functions (f 1 , g 1 ) and (f 2 , g 2 ) trace the geometrical remapping between a point (x 1 , y 1 ) at the surface of DM1 and a point (x 2 , y 2 ) at the surface of DM2 and are tied to the DM surfaces
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Apodiser FPM Lyot Stop Figure 1 . Schematic of the optical system considered: the telescope apertures is followed by two sequential Defromable Mirrors (DMs) in non-conjugate planes whose purpose is to remap the pupil discontinuities. The beam then enters a coronagraph to suppress the bulk of the starlight: in this figure we show an Apodized Lyot Pupil Coronagraph (APLC). This is the coronagraphic architecture we consider for the remainder of the paper but we stress that the method presented herein is applicable to any coronagraph.
Coronagraph
by the following equations:
Fresnel approximation and Talbot Imaging
In (30) we showed that one could approximate the propagation integral in Eq. 1 by taking in a second order Taylor expansion of Q(x, y, x 2 , y 2 ) around the rays that trace (f 1 (x 2 , y 2 ), g 1 (x 2 , y 2 )) to (x 2 , y 2 ). In this case the relationship between the fields at DM1 and DM2 is:
When the mirror's deformations are very small compared to both the wavelength and D 2 /Z, the net effect of the wavefront disturbance created by DM1 can be captured in E DM 1 (x, y) and the surface of DM2 can be factored out of Eq. 1. In this case 
mx + ny)), h 2 (x, y) = −h 1 (x, y), with 1, then the outgoing field is to first order:
This phase-to-amplitude coupling is a well known optical phenomenon called Talbot imaging and was introduced to the context of high contrast imaging by (18) . In the small deformation regime, the phase on DM1 becomes an amplitude at DM2 according to the coupling in Eq. 5. When two sequential DMs are controlled to cancel small amplitude errors, as in (20) , they operate in this regime. Note, however, that the coupling factor scales with wavelength (the resulting amplitude modulation is wavelength independent, but the coupling scales as λ): this formalism is thus not applicable to our case, for which we are seeking to correct large amplitude errors (secondary support structures and segments) with the DMs.When using Eq. 5 in the wavefront control scheme outlined in (20) to correct aperture discontinuities, this weak coupling results in large mirror shapes that lie beyond the range of the linear assumption made by the DM control algorithm.: ecause phase to amplitude conversion is fundamentally a very non-linear phenomena, these descending gradient methods (11; 12; 20) are not suitable to find DM shapes that mitigate apertures discontinuities.
The SR-Fresnel approximation
In the general case, starting from Eq. 4 the field at DM2 can be written as follows:
where E DM 1 (ξ, η) is the Fourier transform of the telescope aperture, FP and stands for the Fourier plane. We call this integral the Stretched-Remapped Fresnel approximation (SR-Fresnel). Moreover det[J(x 2 , y 2 )] is the determinant of the Jacobian of the change of variables that maps (x 2 , y 2 ) to (x 1 , y 1 ). In the ray optics approximation, λ ∼ 0 this yield
A full diffractive optimization of the DM surfaces requires use of the complete transfer function shown in Eq. 6. However, there do not exist yet tractable numerical method to evaluate Eq. 6 efficiently enough in order for this model to be included in an optimization algorithm. Moreover even solving the ray optics problem is extremely complicated: it requires to find the mapping function (f 1 , g 1 ) which solves the non-linear partial differential equation in Eq. 7. Substituting for(f 1 , g 1 ) yields a second order non-linear partial differential equation in h 2 . This is the cornerstone of our Adpative Compensation of Aperture Discontinuities. Eq. 7 is a well know optimal transport problem (31), which has already been identified as underlying optical illumination optimizations (32) . While the existence and uniqueness of solutions in arbitrary dimensions have been extensively discussed in the mathematical literature (see (33) for a review), there was no practical numerical solution published up until recently. In particular, to our knowledge, not even a dimensional solution for which the DM surfaces can be described using a realistic basis-set has been published yet. We now introduce a method that calculates solutions to Eq. 7 which can be represented by feasible DM shapes.
CALCULATION OF THE DEFORMABLE MIRROR SHAPES
Statement of the problem
Ideally, we seek DM shapes that fully cancel all the discontinuities at the surface of the primary mirror and yield a uniform amplitude distribution, as shown in the top panel of Fig. 2 . A solutions for a particular geometry with four secondary support has been derived by (34) . It relies on reducing the dimensionality of the problem to the direction orthogonal to the spiders. It is implemented using a transmissive correcting plate that is a four-faced prism arranged such that the vertices coincides with the location of the spiders. The curvature discontinuities at
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The tapered reverse problem DM1 DM2
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Before DMs After DMs Figure 2 . Top Left: In the ideal case the two DMs would fully remap all the discontinuities in the telescope's aperture to feed a fully uniform beam to the coronagraph. However this would require discontinuities in the mirror's curvatures which cannot be achieved in practice. Moreover solving the Monge-Ampere Equation in this direction is a difficult exercise as the right hand side of Eq. 7 presents an implicit dependence on the solution h2. Bottom Right: We circumvent this problem by solving the reverse problem, where the the input beam is now uniform and the implicit dependence drops out.
Moreover we taper the edges of the discontinuities by convolving the target field A(x1, y1) by a gaussian of full width at half maximum ω (ω = 50 cycles per aperture in this figure). Right: Beam amplitude before and after the DMs in the case of a geometry similar to JWST. We chose to solve the reverse problem over a square using a Fourier basis-set and not stricly enforcing boundary conditions. This results in small distortions of the edges of the actual aperture in the vicinity of segments gaps and secondary supports. We address this problem by slightly oversizing the secondary obscuration and undersizing the aperture edge in the coronagraph.
the location of the spiders are responsible for the local remapping that removes the spiders in the coronagraph pupil. However such a solution cannot be readily generalized to the case of more complex apertures, where the secondary support structures might vary in width, or in the presence of segment gaps. Moreover it is transmissive and thus highly chromatic. Here we focus on a different class of solutions and seek to answer a different question. How well can we mitigate the effect of pupil discontinuities using DMs with smooth surfaces, a limited number of actuators (e.g a limited maximal curvature), and a limited stroke? Under these constraints directly solving Eq. 7 (e.g. solving the forward problem illustrated in the top panel of Fig. 2) is not tractable as both factors on the left hand side of Eq. 7 depend on h 2 . More specifically, the implicit dependence of E DM 1 (f 1 (x 2 , y 2 ), g 1 (x 2 , y 2 )) on h 2 can only be addressed using finite elements solvers, whose solutions might not be realistically representable using a DM. However this can be circumvented using the reversibility of light and solving the reverse problem, where the two mirrors have been swapped. Our goal is to obtain a pupil as uniform a possible in the annulus between the edge of the secondary and primary mirrors, we thus seek to find (f 2 , g 2 ) such that:
where P O (x 1 , y 1 ) is the obscured pupil, without segments or secondary supports. Finally, we focus on solutions with a high contrast only up to a finite OWA. We artificially taper the discontinuities by convolving the control term in the Monge Ampere Equation, [P (x, y)
, with a gaussian of width ω. Note that this tapering is only applied when calculating the DM shapes via solving the reverse problem. The non-lienar problem we are actually inverting is illustrated in the second panel of Fig. 2 . When the resulting solutions are propagated through Eq. 7 we use the true telescope pupil for E DM 1 (x 1 , y 1 ). By convolving the control term in the reverse Monge Ampere Equation, we low pass filter the discontinuities. This is equivalent to giving a stronger weight to low-to-mid spatial frequencies of interest in the context of exo-planets imaging. As this approach is based on a "pupil-based"metric it might not yield the deepest contrast possible: once an approximate non-linear solution is found we superpose to it small DM shapes, calculated using a quasi-linear classical wavefront algorithm (20) Surface of DM1 PSF flat DMs Log [Contraet] a.
-a. The right panel of Fig. 2 shows that since the curvature of the DMs is limited by the number of modes N , our solution does not fully map out the discontinuities induced by the secondary supports and the segments. However, they are significantly thinner and one can expect that their impact on contrast will be attenuated by orders of magnitude. In order to quantify the final coronagraphic contrasts of our solution we then propagate it through an APLC coronagraph optimized to accommodate for a circular central obscuration. The results on this section assume that ray optics holds perfectly and that there are no diffractive artifacts associated with ACAD, in the next section we will discuss the impact of diffraction on bandwidth. Results obtained when applying our approach to a geometry similar to JWST . We used two 3 cm DMs of 64 actuators separated by 1 m. Their maximal surface deformation is 1.1 µm, well within the stroke limit of current DM technologies. The residual light in the corrected PSF follows the secondary support structures and can potentially be further cancelled by controlling the DMs using an image plane based cost function. Right: Results obtained when applying our approach to a TMT geometry. We used two 3 cm DMs of 64 actuators separated by 1 m. Their maximal surface deformation is 0.9 µm, well within the stroke limit of current DM technologies. The final contrast is below 10 7 , in a regime favorable for direct imaging of exo-planets with ELTs.
Contrast
We have illustrated each step of the calculation of the DM shapes in §. 3 using a geometry similar of JWST. This configuration is somewhat a conservative illustration of an on-axis segmented telescope as it features thick secondary supports and a "small" number of segments whose gaps diffract light in regions of the image plane close to the optical axis (the first diffraction order of a six hexagons structure is located at ∼ 3λ/D). In order to assess the performances of ACAD on such an observatory architecture we chose to use a coronagraph designed around a slightly oversized secondary obscuration of diameter 0.25 D, with a focal plane mask of diameter 8λ/D, an IWA of 5λ/D and an OWA of 30λ/D. The field at the entrance of the coronagraph after remapping by the DMs is shown on the top right panel of Fig. 3 . The DM surfaces, calculated assuming 64 actuators across the pupil (N = 64 in the Fourier expansion) and DMs of diameter 3 cm separated by Z = 1 m, are shown on the middle panel of Fig. 3 . They are well within the stroke limit of current DM technologies. On Fig. 4 we then show how to further the contrast of this solution, even in the presence of wavefront errors, by superposing a quasi-linear wavefront control algorithm to this solution. These results illustrate that even with a very unfriendly aperture similar to JWST one can obtain contrasts as high as envisioned for upcoming Ex-AO instruments, which have been designed for much friendlier apertures. While we certainly do not advocate to use such a technique on JWST, this demonstrates that ACAD is a powerful tool for coronagraphy with on-axis segmented apertures.
TMT Geometry
We now discuss the case of Extremely Large Telescopes and provide an illustration using the example of the Thirty Meter Telescope. The pupil consists of 37 segments across in the longest direction and a secondary of diameter ∼ 0.12D which is held by three main thick struts and six thin cables. As seen in the right panel of Fig. 3 the impact of segment gaps is minor as they diffract light beyond the OWA of the coronagraph. When using a coronagraph with a larger OWA the segment gaps will have to be taken into account, and will have to be mitigated using DMs with a larger number of actuators. In order to obtain first order estimates of the performances of ACAD on the aperture geometry shown on the top right panel of Fig. 3 , we chose to use a coronagraph designed around a slightly oversized secondary obscuration of diameter 0.15 D, with a focal plane mask of 6λ/D diameter, an IWA of 4λ/D and an OWA of 30λ/D. The DM surfaces, calculated assuming 64 actuators across the pupil (N = 64 in the Fourier expansion) and DMs of diameter 3 cm separated by Z = 1 m. They are well within the stroke limit of current DM technologies. The final PSF is shown on the bottom right panel of Fig. 3 and features a high contrast dark hole with residual diffracted light at the location of the spiders' diffraction structures. The impact on coronagraphic contrast of secondary supports was thoroughly studied by (35) . They concluded that under a 90% Strehl ratio, the contrast in most types of coronagraphs is driven by the secondary support structures to levels ranging from 10 −4 to 10 −5 . This, in turn, leads to a final contrast after post-processing (called Differential Imaging) of ∼ 10 −7 − 10 −8 . Fig. 5 shows that using ACAD on an ELT pupil yields contrasts before any post-processing which are comparable to the ones obtained by (35) after Differential Imaging. On Fig 6 we also how the DMs can be controlled to actively mitigate for the absence of segments in an ELT pupil and retrieve contrast similar to the case of a full pupil. Being able to operate at deep contrast even without a full ELT pupil has profound implications on the operations of such futures observatories: this enables scientific operations to occur while some segments go through their regular maintenance cycle and opens up the possibility to observe with a temporarily uncontrollable segment (provided that it can be titled away from the main optical path). This shows that not only ACAD provides solutions for deep contrast in future observatories but also opens a wide range of operational possibilities via its adaptability to arbitrary pupil geometries.
CHROMATIC PROPERTIES IN THE DIFFRACTIVE REGIME, EXAMPLE
USING AN AFTA LIKE PUPIL.
Analytical expression of the diffracted field
So we have shown illustrations of ACAD based on ray optics. In reality, when taking into account the edge diffraction effects that are captured by the quadratic integral in Eq. 6, the true propagated field at DM2 becomes wavelength dependent. More specifically, when λ is not zero then the oscillatory integral superposes on the ray optics field a series of high spatial frequency oscillations. In theory, it would be best to use this as the full transfer function to include chromatic effects in the computation of the DMs shapes. However, as discussed in S. 3, solving the non-linear Monge-Ampere Equation is already a delicate exercise, and we thus have limited the scope of this paper to ray optics solutions. Nonetheless, once the DMs' shapes have been determined using ray optics, one should check whether or not the oscillations due to edge diffraction will hamper the contrast. This approach is reminiscent of the design of PIAA systems where the mirror shapes are calculated first using .ntrent geometric optics and are then propagated through the diffractive integral in order to check a posteriori whether or not the chromatic diffractive artifacts are below the design contrast (36) . In a recent paper (25) we have Note that the wavefront control algorithm seeks to compensate for the diffractive artifacts associated with the secondary support structures: it attenuates them on the right side of the PSF while it strengthens them on the left side of the PSF. As a result the DM surface becomes too large at the pupil spider's location and the quasi-linear wavefront control algorithm eventually diverges. Bottom: he surface of the first DM is set according to the ACAD equations. The surface of the second DM is the sum of the ACAD solution and a small perturbation calculated using a quasilinear wavefront control algorithm . Top Left: wavefront before the coronagraph. Note that the ACAD remapping has compressed the wavefront errors near the struts and the segment gaps. Top Right: broadband aberrated PSF with DMs set to the ACAD solution. Bottom Left: perturbation of DM2's surface resulting from the wavefront control algorithm. Bottom Right: broadband corrected PSF. The wavefront control algorithm now yields a DM surface that does not feature prominent deformations at the location of the spiders. Most of the DM stroke is located at the edge of the segments, at location of the wavefront discontinuities. There, the DM surface eventually becomes too large and the quasi-linear wavefront control algorithm diverges. However this occurs higher contrasts than in the absence of ACAD. Their maximal surface deformation is 0.9 µm, well within the stroke limit of current DM technologies. The final contrast is below 10 7 , in a regime favorable for direct imaging of exo-planets with ELTs. Since ACAD removes the bulk of the light diffracted by the asymmetric aperture discontinuities, the final contrast can be enhanced by controlling the DMs using and image plane based metric. Right: Radial average in the half dark plane of the PSFs on Fig 4. In the presence of wavefront discontinuities corrected using a continuous membrane DM, ACAD still yields, over a 20% bandwidth around 700 nm, PSF with a contrast 100 larger than in a classical segmented telescope. Moreover this figure illustrates that since it is based on a true image plane metric, the wavefront control algorithm can be used ( within the limits of its linear regime) to improve upon the ACAD DM shapes derived solving the Monge Ampere Equation.
Non ACAD PSF in the presence of a wavefront error 
Contrast
With more than 100 segments in the ELT pupil, observations might occur with one or more "missing" segments due to maintenance and/or bad phasing of a specific segment on a given night.
Here we apply the ACAD methodology to actively accommodate for these scenarios.
ACAD PSF in the presence of a wavefront error In this configuration the main advantage of ACAD is to set the solution of the non-linear problem close enough to the global contrast minimum. Once this coarse step has occurred classical linear algorithms can be used.
We illustrated the case of a single DM linear control, progress is being made towards solutions with 2DMs linear control superposed to ACAD.
c Non-Linear 2DMs + Linear 1DM control Figure 6 . Case of a missing ELT segment: ACAD corrects very well for the missing segment. In this configuration the main advantage of ACAD is to set the solution of the non-linear problem close enough to the global contrast minimum. Once this coarse step has occurred classical linear algorithms can be used. We illustrated the case of a single DM linear control.
expressed E DM 2 (x 2 , y 2 ) as a function of (x 1 , y 1 ) = (f 1 (x 2 , y 2 ), g 1 (x 2 , y 2 )):
This expression is very similar to a modified Fresnel propagation and can be rewritten as such:
Because of this similarity we call this integral the Stretched-Remapped Fresnel approximation (SR-Fresnel).
Indeed in this approximation the propagation distance is stretched by (
) and the integral is centered around the remapped pupil (f 1 , g 1 ).
Qualitative discussion
This integral form provides physical insight about the behavior of the chromatic edge oscillations. If we write
we can identify a several diffractive regimes:
1. when Γ x = Γ y = 1 the E DM 2 (x 2 , y 2 ) reduces to a simple Fresnel propagation. Edge ringing can them be mitigated using classical techniques such as pre-apodization, or re-imaging into a conjugate plane using oversized relay optics.
2. when Γ x , Γ y < 1 then it is as if the effective propagation length through the remapping unit was increased. This magnifies the edge chromatic ringing.
3. when Γ x , Γ y > 1 then it is as if the effective propagation length through the remapping unit was decreased. This damps the edge chromatic ringing.
4. when Γ x > 1 and Γ y < 1, e.g. at a saddle point in the DM surface, then it is as if the effective propagation length through the remapping unit was decreased in one direction and increased in the other. The edge chromatic ringing can either be damped or magnified depending on the relative magnitude of Γ x and Γ y .
In general, except for a few points at the junction of two secondary support structure, ACAD operates in case three, for which the chromatic ringing is damped when compared to a pure Fresnel propagation. For a comaprison the PIAA coronagraph operates in case 2, for which the chromatic ringing is actually amplified and thus requires particular a particular attention. Because we expect these effects to be less pronounced with ACAD we explore a diffreent region of the parameter space for which edge diffraction ringing is considered as a small, albeit chromatic, perturbation supperposed to the ray optics solution and is corrected using a quasi-linear wavefront control loop similar to the ne used in Fig. 4 .
5.3 ACAD's diffractive performance with AFTA: numerical results
DM shapes with AFTA
As discussed above, a given geometry we first solve the normalized Monge Ampere Equation over a finite set of DM modes (fourier basis set of influence functions). This solver includes a constraint in maximum curvature and max-imum slope for the DMs. We then explore a wide range of values for D 2 /Z in order to find configurations for which the DM stroke is below what is feasible using current technologies. ith the exact AFTA pupil geometry not publicly available, we have considered two possible geometries that we will call "thin struts" and "thick struts". These have respective strut widths of 2.4 cm and 5 cm, assuming a 2.4 meter pupil. We assumed DM properties consistent with currently available piezo-electric DMs, with actuators separated by 1 mm, and the number of actuators across the pupil ranging from 32 to 64 (e.g D = 32 mm to 64 mm). We considered DM separations ranging from 0.5 m to 1.6 m. Our results are shown on Fig. 7 . As one would expect intuitively the range of DM geometries for which the maximal ACAD stroke is below the 2 µm limit is wider when considering the "thin struts" case. In normalized coordinates we find that the max stroke required by ACAD is 2.7 larger when going from thin (2.4cm) to thick (5cm) struts. This in turn translate into more stringent constraints (albeit achievable) on the geometry of the layout when using 1 mm picth/2 µm stroke DMs. Possible designs include: 
Maximum DM deformation
Maximum DM deformation Figure 7 . Left: Case of Thin struts. There exist a wide range of DMs geometries for which the maximal ACAD stroke is below the 2 µm limit. This leaves ample room in the DM stroke budget for other tasks such as wavefront control. Right: Case of Thick struts. Here the range of DMs geometries for which the maximal ACAD stroke is below the 2 µm limit is reduced but favorable geometries can be found
• "thin struts", 2.4 cm: 64 actuators (64 mm beam) separated by 1.2 m, yield a max stroke of 1.3 µm. This leaves ∼ 700 nm of DM stroke for other tasks.
• "thin struts", 2.4 cm: 48 actuators (48 mm beam) separated by 0.9 m, yield a max stroke of 1 µm. This leaves ∼ 1000 nm of DM stroke for other tasks.
• "thick struts", 5 cm: 48 actuators (48 mm beam) separated by 1.4 m, yield a max stroke of 1.75 µm. This leaves ∼ 250 nm of DM stroke for other tasks.
• "thick struts", 5 cm : 32 actuators (32 mm beam) separated by 1 m, yield a max stroke of 1.2 µm. This leaves ∼ 800 nm of DM stroke for other tasks.
Diffracted field at Lyot plane
We then evaluate the diffraction integral in Eq. 9 for five wavelengths spanning a ban it have applied the entire methodology described above to a geometry analogous to the AFTA telescopes. We have in particular successfully implemented a numerical integrator capable of capturing the diffractive effects in Eq. 9: these are the sources of the bandwidth limit in ACAD. Our routine relies on thoroughly vetted numerical methods developed for the PIAA coronagraph (37; 38) . Our results are shown on Fig. 8 where we calculated, assuming that the DMs have been controlled according to step 1, the field in a plane conjugate with the telescope pupil. When introducing a Focal Plane Mask, this plane would be the Lyot plane of the coronagraph and its wavefront topology drives the contrast floor and bandwidth when using linear DM control loops. From a ray optics perspective ACAD "fills up as much as possible" the area obscured by the secondary support structure, while in the diffractive regime we can see that ACAD replaces the deep and sharp amplitude errors from supports with shallow and smooth ripples. The chromatic nature of these oscillations sets the ultimate bandwidth of ACAD. Fig. 8 illustrates the topology, magnitude, and chromaticity of these oscillations and shows that they are very similar to Fresnel rings, as opposed to the strong PIAA edge ringing shown in (30; 39; 40) 6. CONCLUSION AND PERSPECTIVE FOR AN AFTA CORONAGRAPH
On Fig. 9 we show the results of our "AFTA-like" end to end simulations for which we have combined these diffractive models with a Radial Apodization Vector Vortex Coronagraph (RA-VVC, (26)). By superposing a quasi-linear wavefront control loop to the ray optics solutions we have obtained, in the presence of HST like wavefront aberrations, contrasts as deep at 3 × 10 9 at 2λ/D over five wavelengths ranging from 500 nm to 700 nm, a bandwidth of over 30%. The combination of Fig. 3 (APLC or PIAAC) and Fig. 9 illustrates the second advantage of ACAD: it is fundamentally "coronagraph agnostic". We have conducted diffractive simulations using the RA-VVC since it is one of the most promising technologies for obscured apertures (70% throughput in its high transmissivity configuration and theoretical IWA as close as 1.5λ/D). However ACAD can be used in conjunction with any coronagraph. The results presented here is are extremely promising and they show that contrast levels capable of detecting Jovin planets can be reached with the AFTA telescopes. However substantial work is required in order to further validate the ACAD solution at such levels of contrast. In the next few month our team will explore diffractive calculations over a finer grid of wavelengths and the trade-offs associated with beam walk due to finite stellar size. We will report our results in the peer reviewed literature, based on geometries similar but not strictly identical to the AFTA pupil.
E-Field at DM2, ACAD Case 2. We simulated the propagation between DM1 and DM2 in the SR-Fresnel regime, and simulated the rest of the coronagraphic train using the Fresnel approximation. Fresnel propagation simply replicates the input pupil's (top panels) deep and sharp discontinuities in the final re-imaged pupil (right bottom panel). ACAD SR-Fresnel instead transforms them into shallow and smooth mid-spatial frequency ripples (left bottom panel). The chromatic nature of these oscillations sets the ultimate bandwidth of ACAD, but unlike in PIAA coronagraphs the beam reshaping here does not amplify these oscillations any beyond normal edge ringing for out of pupil optics in the Fresnel regime (discussed in (19) ). The plotted slices across the secondary support structures (middle panels) show that ripples in the SR-Fresnel approximation are neither bigger nor more chromatic than hard-edge induced ripples in the Fresnel approximation. This enables a broad spectral bandwidth. Note that in order to better illustrate the oscillations' chromatic nature this figure has been generated with a large separation between the DMs, Z = 2 m. For more realistic separations ACAD exhibits a weaker chromatic behavior, as illustrated by Fig. 5 . Here we intentionally omit the coronagraphic mask and Lyot stop to highlight that ACAD can operate with any coronagraph. Figure 9 . ACAD in the SR-Fresnel diffractive optics regime + RA-VVC: Our preliminary simulations demonstrate a simulated 30% bandwidth contrast of ∼ 3×10 9 and an inner working angle of 2 λ/D on the AFTA pupil using ACAD with two 1 inch DMs seprated by 0.5m. It demonstrates the weak chromaticity of ACAD and its ability to operate with a high throughput, small IWA coronagraph on an obscured aperture. Future work will include calculation over a finer grid of wavelengths and the exploration of trade-offs associated with beam walk due to finite stellar size.
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